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A system of equations of anisotropic hydrodynamics that describes mix-
ture of quark and gluon fluids is studied. The equations are based on the
zeroth, first, and second moments of the RTA kinetic equations. Tests of
this formulation are performed by comparing the results of anisotropic hy-
dorodynamics with the exact solutions of the Boltzmann equations for a
mixture of fluids in the Bjorken flow limit. One finds a very good agreement
between the hydrodynamic and kinetic-theory results [1].
PACS numbers: PACS numbers come here
1. Introduction
Relativistic viscous hydrodynamics has been used as a fundamental tool
to understand the evolution of matter produced in heavy-ion experiments
at RHIC and the LHC [2, 3, 4, 5, 6, 7, 8]. Despite the success of traditional
viscous hydrodynamics in reproducing collective behavior of matter, there
are still theoretical shortcomings that may question the validity of such an
approach in heavy-ion experiments conditions. Large flow gradients and fast
longitudinal expansion produce very large pressure corrections, in contrast
to the founding hydrodynamic hypotheses of small deviations from local
equilibrium and perturbative treatment of viscous corrections. One way to
address this problem is anisotropic hydrodynamics [9, 10, 11, 12].
Most of theoretical investigations on relativistic hydrodynamics start
with a kinetic theory and this is also the case for studies of mixtures [13, 14,
15, 16]. However, a very good agreement of anisotropic hydrodynamics with
the exact solutions of the Boltzmann equations, found for simple fluids, has
not been confirmed in early works on mixtures [17, 18]. This suggests using
a more general approach than that presented in [17, 18], which is reported
in this paper.
∗ Presented at the 9th workshop in a serie ,,Excited QCD 2017”, Sintra, Lisbon, Por-
tugal, May 7-13, 2017.
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2. Kinetic equations
We start our analysis with the kinetic equations for quarks, antiquarks
and gluons written in the relaxation time approximation (RTA) [19, 20, 21]
pµ∂µfi(x, p) = −pµUµ fi(x, p)− fi,eq(x, p)
τeq
, (1)
where i corresponds to Q+, Q− or G, fi is phase-space distribution function,
and τeq is the relaxation time.
The quark and gluon distribution functions are assumed to have a generic
structure [22]
fQ±(x, p) = exp
±λ−
√
(p · U)2 + ξq(p · Z)2
Λq
 , (2)
fG(x, p) = exp
−
√
(p · U)2 + ξg(p · Z)2
Λg
 , (3)
where Λq and Λg define the transverse momentum scale, λ is the non-
equilibrium baryon chemical potential of quarks, while ξq and ξg are the
anisotropy parameters. Moreover Uµ = (t, 0, 0, z)/τ and Zµ = (z, 0, 0, t)/τ ,
where τ =
√
t2 − z2 is the longitudinal proper time.
In the local equilibrium, the two anisotropy parameters vanish, Λq and
Λg become equal to T , and λ becomes µ, namely
fQ±,eq(x, p) = exp
(±µ− p · U
T
)
, fG,eq(x, p) = exp
(
−p · U
T
)
. (4)
The equilibrium distribution functions are used to define the RTA collision
terms in (1). In this case µ and T should be treated as the effective baryon
chemical potential and effective temperature that are determined by the
appropriate Landau matching conditions. For simplicity, we assume here
the classical Boltzmann statistics.
3. Moments of the kinetic equations
In this section we introduce equations of anisotropic hydrodynamics.
This is done by using moments of the kinetic equations.
3.1. Zeroth moments of the kinetic equations
Integrating Eq. (1) over three-momentum and including the internal
degrees of freedom we obtain the three scalar equations
∂µ(niU
µ) =
ni,eq − ni
τeq
, (5)
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where we have introduced the non-equilibrium and equilibrium particle den-
sities, see Ref. [1]. Instead of using Eq. (5) we use the difference of the equa-
tions for quarks and antiquarks appearing in (5). Dividing it by a factor 3
gives the constraint on the baryon number density. Using baryon number
conservation we have found λq/Λq and µ/T defined by the functions
D(τ,Λq, ξq) =
(
3pi2b0τ0
√
1 + ξq
2gqτΛ3q
)
, κq(T,Λq, ξq) =
T 3
√
1 + ξq
Λ3q
. (6)
Using this notation we write first equation of anisotropic hydrodynamics
d
dτ
(
α
√
1 +D2Λ3q√
1 + ξq
+ (1− α) r˜Λ
3
g√
1 + ξg
)
+
(
1
τ
+
1
τeq
)(
α
√
1 +D2Λ3q√
1 + ξq
+ (1− α) r˜Λ
3
g√
1 + ξg
)
=
T 3
τeq
(
α
√
1 +D2/κ2q + (1− α)r˜
)
, (7)
where r˜ = 2/3 is the ratio of the quark and gluon internal degrees of freedom.
The parameter α should be taken from the range 0 ≤ α ≤ 1, see Ref. [1].
3.2. First moments of the kinetic equations
The energy-momentum conservation law for the system of partons has
the form ∂µT
µν = 0. Landau matching condition for the energy-momentum
conservation requires that the energy determined from the non-equilibrium
distribution functions is the same as the energy obtained with the equilib-
rium distribution functions ε = εq + εg = εeq = εq,eq + εg,eq. This leads
directly to the constraint on the effective temperature T ,
T 4 =
Λ4q
√
1 +D2R(ξq) + Λ4g r˜R(ξg)√
1 +D2/κ2q + r˜
, (8)
with function R(ξ) defined in [6]. In the (0+1)D case considered here the
energy and momentum conservation takes the form
dε
dτ
= −ε+ PL
τ
, (9)
where PL is the sum of the longitudinal pressures for quarks and gluons.
This leads directly to the formula
d
dτ
[
Λ4q
√
1 +D2R(ξq) + r˜Λ4gR(ξg)
]
(10)
=
2
τ
[
Λ4q
√
1 +D2 (1 + ξq)R′(ξq) + r˜Λ4g(1 + ξg)R′(ξg)
]
,
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with RL defined in [6].
3.3. Second moments of the kinetic equations
Second moment of the Boltzmann equation was studied in detail in
Ref. [9]. In our one-dimensional case only one of three equations selected as
the basis for the momentum anisotropy is independent. It may be taken as
d
dτ
ln ΘX − d
dτ
ln ΘZ − 2
τ
=
Θeq
τeq
[
1
ΘX
− 1
ΘZ
]
. (11)
Following the method of Ref. [10] one can derive the formulas for Θ functions
for quarks and gluons, and close the system of anisotropic hydrodynamics
equations with the following equations
d
dτ
ln
(
Λ5q
(1 + ξq)1/2
√
1 +D2
)
− d
dτ
ln
(
Λ5q
(1 + ξq)3/2
√
1 +D2
)
− 2
τ
=
T 5
τeqΛ5q
ξq(1 + ξq)
1/2
√
1 +D2/κ2q√
1 +D2
,
and
d
dτ
ln
(
Λ5g
(1 + ξg)1/2
)
− d
dτ
ln
(
Λ5g
(1 + ξg)3/2
)
− 2
τ
=
T 5
τeqΛ5g
ξg(1 + ξg)
1/2.
(12)
4. Results
Our numerical results presented in this section include two types of
initial conditions. Figs. 1a and 1c correspond to the oblate quark and gluon
distribution functions (where the two anisotropy parameters ξq and ξg are
positive and the transverse pressure is larger then the longitudinal one),
while Figs. 1b and 1d present two initially prolate distribution functions
(ξq and ξg parameters are negative and transverse pressure is smaller then
longitudinal one).
Expansion considered in this paper starts at the proper time τ0 =
0.1 fm/c and is continued till τ = 10 fm/c. The relaxation time is con-
stant, τeq = 0.25 fm/c. The initial transverse-momentum parameters Λi(τ0)
for quarks and gluons have been set equal to 1 GeV.
Figure 1 presents a comparison between numerical results obtained from
the kinetic theory (black lines) and anisotropic hydrodynamics (red lines).
Exact solutions of the Boltzmann equation for (0+1)D systems were con-
structed earlier in Ref. [18]. The results presented here include the ratios of
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Fig. 1. Comparison of the anisotropic hydrodynamics and kinetic-theory results for
the initial oblate-oblate (a)–(c) and prolate-prolate (b)–(d) configurations. In these
calculations parameter α = 1.
the total transverse pressure to the total energy density, PT /ε, and of the
total longitudinal pressure to transverse pressure, PL/PT .
We have found a good agreement between kinetic theory and anisotropic
hydrodynamics. Our results agree with the expectation that the ratio PT /ε
should be equal to 1/3 in thermodynamic equilibrium. Similarly, the trans-
verse and longitudinal pressures are almost equal for the late time of the
evolution.
5. Summary
Using the zeroth, first, and the second moments of the RTA kinetic
equations we closed the set of equations for anisotropic hydrodynamics for
a mixture of quark and gluon fluids. In a contrast to previous studies,
based only on the zeroth and first moments, a very good agreement between
kinetic theory and anisotropic hydrodynamics for initially oblate-oblate and
prolate-prolate systems has been found.
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